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This paper concerns the null controllability of the system governed by coupled degenerate
equations. By the Carleman estimate for the case of a single degenerate equation, the
Carleman estimate and the observability inequality are established. Then, the system with
two controls and the system with one control are shown to be null controllable.
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1. Introduction
In this paper, we investigate the null controllability of the following system governed by coupled degenerate parabolic
equations
ut − (xαux)x = a1(x, t)u+ b1(x, t)v + h(x, t)χω, (x, t) ∈ QT , (1.1)
vt − (xαvx)x = a2(x, t)u+ b2(x, t)v, (x, t) ∈ QT , (1.2)
u(0, t) = v(0, t) = 0 if 0 < α < 1, t ∈ (0, T ), (1.3)
(xαux)(0, t) = (xαvx)(0, t) = 0 if 1 ≤ α < 2, t ∈ (0, T ), (1.4)
u(1, t) = v(1, t) = 0, t ∈ (0, T ), (1.5)
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ (0, 1), (1.6)
where 0 < α < 2,QT = (0, 1) × (0, T ), a1, a2, b1, b2 ∈ L∞(QT ), u0, v0 ∈ L2(0, 1), ω is a nonempty open subset of (0, 1)
and χω is the characteristic function of ω. The coupled equations (1.1), (1.2) are the linear version of more complex models
that appear in mathematical biology and physics, such as the Lotka–Volterra model and the Keller–Legel model [1,2].
Controllability theory has been widely investigated for nondegenerate parabolic equations over the last forty years and
there have been a great number of results (see for instance [3–5] and the references therein for a detailed account). As to the
controllability for the nondegenerate coupled systems, we refer to [6–8]. However, the study on the degenerate ones just
began several years ago and very few results have been known. Particularly, for the system governed by a single degenerate
parabolic equation
wt − (xαwx)x = h(x, t)χω, (x, t) ∈ QT , (1.7)
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w(0, t) = 0 if 0 < α < 1, (xαwx)(0, t) = 0 if α ≥ 1, t ∈ (0, T ), (1.8)
w(1, t) = 0, t ∈ (0, T ), (1.9)
w(x, 0) = w0(x), x ∈ (0, 1), (1.10)
it is shown that it is null controllable if 0 < α < 2 [9–12], while not if α ≥ 2 [13]. The null controllability of the system
(1.7)–(1.10) with 0 < α < 2 is based on the Carleman estimate for solutions to its conjugate problem
Wt + (xαWx)x = F(x, t), (x, t) ∈ QT , (1.11)
W (0, t) = 0 if 0 < α < 1, (xαWx)(0, t) = 0 if 1 ≤ α < 2, t ∈ (0, T ), (1.12)
W (1, t) = 0, t ∈ (0, T ), (1.13)
W (x, T ) = WT (x), x ∈ (0, 1). (1.14)
Although the system may be not null controllable, [13] proved the regional and persistent regional null controllability,
while [14] showed the approximate controllability, for each α > 0. Moreover, the controllability on the similar degenerate
equation with linear or semilinear lower order terms is also studied in [15–17], while [18,19] considered the null
controllability of the system governed by a degenerate equation in nondivergence form. However, there is only one
paper [20] to concern with the controllability of the system governed by coupled degenerate equations. In [20], Cannarsa
and de Teresa studied the null controllability of the system (1.1)–(1.6) for the special case that
b1 = 0 in QT and a2 = χωˆ with some ωˆ ⊂⊂ (0, 1),
where the solution of (1.1) acts as a control for (1.2) and the solution of (1.2) does not influence (1.1) directly, and showed
that the system is null controllable if ω ∩ ωˆ ≠ ∅.
This paper concerns the null controllability of the system (1.1)–(1.6), where the solution of one equation influences
another equation directly. We will first prove the null controllability of the system with two controls
ut − (xαux)x = a1(x, t)u+ b1(x, t)v + h1(x, t)χω˜, (x, t) ∈ QT , (1.15)
vt − (xαvx)x = a2(x, t)u+ b2(x, t)v + h2(x, t)χω˜, (x, t) ∈ QT , (1.16)
subject to the conditions (1.3)–(1.6), which is also based on the Carleman estimate for solutions to its conjugate problem
−yt − (xαyx)x = a1(x, t)y+ a2(x, t)z, (x, t) ∈ QT , (1.17)
−zt − (xαzx)x = b1(x, t)y+ b2(x, t)z, (x, t) ∈ QT , (1.18)
y(0, t) = z(0, t) = 0 if 0 < α < 1, t ∈ (0, T ), (1.19)
(xαyx)(0, t) = (xαzx)(0, t) = 0 if 1 ≤ α < 2, t ∈ (0, T ), (1.20)
y(1, t) = z(1, t) = 0, t ∈ (0, T ), (1.21)
y(x, T ) = yT (x), z(x, T ) = zT (x), x ∈ (0, 1). (1.22)
Then, the control of the system (1.1)–(1.6) is constructed by using the controls of the system (1.15), (1.16) and (1.3)–(1.6),
like the process to treat the system governed by coupled nondegenerate equations [7].
The paper is organized as follows. In Section 2we introduce thewell-posedness of the problem (1.1)–(1.6) without proof.
Then, we establish the Carleman estimate and the observability inequality for solutions to the problem (1.17)–(1.22) in
Section 3. Finally, the null controllability of the system (1.15), (1.16) and (1.3)–(1.6) and the system (1.1)–(1.6) is shown in
Section 4.
2. Well-posedness
Consider the problem for the coupled equations
ut − (xαux)x = a1(x, t)u+ b1(x, t)v + f (x, t), (x, t) ∈ QT , (2.1)
vt − (xαvx)x = a2(x, t)u+ b2(x, t)v + g(x, t), (x, t) ∈ QT (2.2)
subject to the conditions (1.3)–(1.6), where f , g ∈ L2(QT ). In order to define solutions to the problem, the following Hilbert
space is introduced (see, e.g., [9–12])
Hα(0, 1) =


u ∈ L2(0, 1) : u is absolutely continuous in [0, 1],
xα/2ux ∈ L2(0, 1) and u(0) = u(1) = 0

, if 0 < α < 1,
u ∈ L2(0, 1) : u is locally absolutely continuous in (0, 1],
xα/2ux ∈ L2(0, 1) and u(1) = 0

, if 1 ≤ α < 2.
Definition 2.1. A pair of functions (u, v) is called to be a solution to the problem (2.1), (2.2) and (1.3)–(1.6), if u, v ∈
C([0, T ]; L2(0, 1)) ∩ L2(0, T ;Hα(0, 1)) satisfies (2.1) and (2.2) in the distribution sense and satisfies (1.6) in the common
sense.
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In [9–12], the well-posedness of the problem of a single degenerate equation was established by the semigroup method.
Using this result and a standard fixed point discussion, one can prove the following well-posedness.
Proposition 2.1. For any f , g ∈ L2(QT ) and u0, v0 ∈ L2(0, 1), the problem (2.1), (2.2) and (1.3)–(1.6) admits a unique solution
(u, v). Furthermore, if u0, v0 ∈ Hα(0, 1) and xαu′0, xαv′0 ∈ H1(0, 1) additionally, then xαux, xαvx ∈ L2(0, T ;H1(0, 1)) and
ut , vt ∈ L2(QT ).
3. Carleman estimate and observability inequality
First recall the Carleman estimate for solutions to the problem (1.11)–(1.14).
Lemma 3.1. Assume that ω˜ ⊂⊂ (0, 1) is nonempty. There exists a function p ∈ C1(0, 1) with
p(x) ≥ 1, |p′(x)| ≤ x1−α, x ∈ (0, 1) (3.1)
and two positive constants M0 and R0 such that for any F ∈ L2(QT ) and WT ∈ L2(0, 1), the solution W to the problem
(1.11)–(1.14) satisfies that for each R ≥ R0,
QT
(RθxαW 2x + R3θ3x2−αW 2)e−2RΦdxdt ≤ M0

QT
F 2e−2RΦdxdt +

ω˜T
W 2dxdt

,
where ω˜T = ω˜ × (0, T ) and
Φ(x, t) = p(x)θ(t), (x, t) ∈ (0, 1)× (0, T )
with
θ(t) = 1
(t(T − t))4 , t ∈ (0, T ). (3.2)
Here p,M0 and R0 depend only on α, T and ω˜.
Lemma 3.1 is proved in [20] by combining a Carleman estimate for the degenerate part (see also [9,11,12]) and a classical
Carleman estimate for the nondegenerate part.
Below, we establish the Carleman estimate and the observability inequality for solutions to the problem (1.17)–(1.22)
based on Lemma 3.1.
Theorem 3.1. There exist three positive constants M1, c1 and R1, depending only on α, T , ω˜ and Λ, such that for any yT , zT ∈
L2(0, 1), the solution (y, z) to the problem (1.17)–(1.22) satisfies that for each R ≥ R1,
QT
(Rθxαy2x + R3θ3x2−αy2 + Rθxαz2x + R3θ3x2−αz2)e−2c1Rθdxdt ≤ M1

ω˜T
(y2 + z2)dxdt,
where θ is given in (3.2),Λ = ∥a1∥L∞(QT ) + ∥a2∥L∞(QT ) + ∥b1∥L∞(QT ) + ∥b2∥L∞(QT ).
Proof. For any R ≥ R0, Lemma 3.1 shows
QT
(Rθxαy2x + R3θ3x2−αy2)e−2RΦdxdt
≤ M0
∥a1∥L∞(QT ) + ∥b1∥L∞(QT )

QT
(y2 + z2)e−2RΦdxdt +

ω˜T
(y2 + z2)dxdt

(3.3)
and 
QT
(Rθxαz2x + R3θ3x2−αz2)e−2RΦdxdt
≤ M0
∥a2∥L∞(QT ) + ∥b2∥L∞(QT )

QT
(y2 + z2)e−2RΦdxdt +

ω˜T
(y2 + z2)dxdt

, (3.4)
whereΦ,M0 and R0 are given in Lemma 3.1, which depend only on α, T and ω˜. Set
w(x, t) = y(x, t)e−RΦ(x,t), (x, t) ∈ QT .
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Due tow(1, t) = 0 and 0 < α < 2, one gets
QT
w2dxdt =
 T
0
 1
0
 1
x
wx(y, t)dy
2
dxdt
≤
 T
0
 1
0
 1
x
y3/2w2x (y, t)dy
 1
x
y−3/2dy

dxdt
≤ 2
 T
0
 1
0
 1
x
y3/2w2x (y, t)dy

x−1/2dxdt
= 2
 T
0
 1
0
y3/2w2x (y, t)
 y
0
x−1/2dx

dydt
≤ 4
 T
0
 1
0
y2w2x (y, t)dydt
≤ 4

QT
xαw2xdxdt. (3.5)
It follows from the properties of p in (3.1) that
QT
xαw2xdxdt =

QT
xαy2xe
−2RΦdxdt + R2

QT
xαΦ2x y
2e−2RΦdxdt
≤

QT
xαy2xe
−2RΦdxdt + R2

QT
x2−αθ2y2e−2RΦdxdt. (3.6)
Combine (3.5) and (3.6) to get
M0Λ

QT
y2e−2RΦdxdt ≤ 1
2
R1

QT
xαy2xe
−2RΦdxdt + R2

QT
x2−αθ2y2e−2RΦdxdt

(3.7)
with R1 = 8M0Λ+ R0. A similar discussion on z yields
M0Λ

QT
z2e−2RΦdxdt ≤ 1
2
R1

QT
xαz2x e
−2RΦdxdt + R2

QT
x2−αθ2z2e−2RΦdxdt

. (3.8)
Substituting (3.7) and (3.8) into (3.3) and (3.4), one gets that for any R ≥ R1,
QT
(Rθxαy2x + R3θ3x2−αy2 + Rθxαz2x + R3θ3x2−αz2)e−2RΦdxdt
≤ 1
2

QT
(Rθxαy2x + R3θ3x2−αy2 + Rθxαz2x + R3θ3x2−αz2)e−2RΦdxdt +M0Λ

ω˜T
(y2 + z2)dxdt,
which completes the proof by taking c1 = sup{p(x) : 0 < x < 1} andM1 = 2M0Λ. 
Theorem 3.2. There exists M > 0 depending only on α, T , ω˜, ∥a1∥L∞(QT ), ∥a2∥L∞(QT ), ∥b1∥L∞(QT ) and ∥b2∥L∞(QT ), such that for
any yT , zT ∈ L2(0, 1), the solution (y, z) to the problem (1.17)–(1.22) satisfies
∥y(·, 0)∥2L2(0,1) + ∥z(·, 0)∥2L2(0,1) ≤ M

ω˜T
(y2 + z2)dxdt.
Proof. Let θ,M1, c1, R1 andΛ be given in Theorem3.1. By a standard density argument,we assume additionally that yT , zT ∈
Hα(0, 1) and xαy′T , xαz
′
T ∈ H1(0, 1) without loss of generality. Then, Proposition 2.1 shows xαyx, xαzx ∈ L2(0, T ;H1(0, 1))
and yt , zt ∈ L2(QT ). Multiplying (1.17) and (1.18) by y and z, respectively, and then integrating over (0, 1)with respect to x,
one gets that
−1
2
d
dt
 1
0
y2dx+
 1
0
xαy2xdx =
 1
0
a1y2dx+
 1
0
a2yzdx, t ∈ (0, T ),
−1
2
d
dt
 1
0
z2dx+
 1
0
xαz2x dx =
 1
0
b1yzdx+
 1
0
b2z2dx, t ∈ (0, T ).
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Hence
− d
dt
 1
0
(y2 + z2)dx ≤ 2
 1
0
(a1y2 + b2z2 + (a2 + b1)yz)dx ≤ 2Λ
 1
0
(y2 + z2)dx, t ∈ (0, T )
and thus
d
dt

e2Λt
 1
0
(y2 + z2)dx

≥ 0, t ∈ (0, T ).
Therefore, 1
0
(y(x, 0)2 + z(x, 0)2)dx ≤ e2Λt
 1
0
(y2(x, t)+ z2(x, t))dx, t ∈ (0, T ). (3.9)
Integrating (3.9) over [T/4, 3T/4] leads to
T
2
 1
0
(y(x, 0)2 + z(x, 0)2)dx ≤
 3T/4
T/4
 1
0
e2Λt(y2 + z2)dxdt. (3.10)
As the proof of (3.5), it holds 3T/4
T/4
 1
0
(y2 + z2)dxdt ≤ 4
 3T/4
T/4
 1
0
(xαy2x + xαz2x )dxdt. (3.11)
Then, it follows from (3.10), (3.11) and Theorem 3.1 that 1
0
(y(x, 0)2 + z(x, 0)2)dx ≤ 8
T
e3ΛT/2 sup
(T/4,3T/4)
e2c1R1θ
θ
 3T/4
T/4
 1
0
(xαθy2x + xαθz2x )e−2c1R1θdxdt
≤ 8M1
TR1
e3ΛT/2 sup
(T/4,3T/4)
e2c1R1θ
θ

ω˜T
(y2 + z2)dxdt. 
4. Null controllability
Using a standard argument, one can prove the null controllability of the system (1.15), (1.16) and (1.3)–(1.6) from the
observability inequality (Theorem 3.2).
Theorem 4.1. For any u0, v0 ∈ L2(0, 1), there exist h1, h2 ∈ L2(QT ) such that the solution (u, v) to the problem (1.3)–(1.6),
(1.15) and (1.16) satisfies u(·, T ) = v(·, T ) = 0 in (0, 1).
Let us turn to the null controllability of the system (1.1)–(1.6). Since the null controllability of v is controlled by a2u, it is
reasonable to assume that there exists a nonempty set ωˆ ⊂⊂ ω such that
inf
ωˆ×[0,T ]
|a2| > 0 (4.1)
(see for example [7]). Moreover, we assume that
∂a1
∂x
,
∂b1
∂x
,
∂b2
∂x
∈ L∞((ωˆ \ ω˜)× (0, T )) with some nonempty ω˜ ⊂⊂ ωˆ, (4.2)
∂a2
∂x
,
∂2b2
∂x2
,
∂a2
∂t
∈ L∞(ωˆ × (0, T )). (4.3)
Theorem 4.2. Under the assumptions (4.1)–(4.3), for any u0, v0 ∈ L2(0, 1), there exists h ∈ L2(QT ) such that the solution (u, v)
to the problem (1.1)–(1.6) satisfies u(·, T ) = v(·, T ) = 0 in (0, 1).
Proof. Inspired by [7] for the nondegenerate coupled equations, we will construct the control from the controllability in
Theorem 4.1.
Choose two functions η ∈ C∞([0, T ]) and ρ ∈ C∞0 ([0, 1]) such that
0 ≤ η(t) ≤ 1, 0 ≤ t ≤ T and η = 1 in (0, T/3), η = 0 in (2T/3, T )
0 ≤ ρ(x) ≤ 1, 0 ≤ x ≤ 1 and ρ = 1 in ω1, ρ = 0 in (0, 1) \ ω2 (ω˜ ⊂⊂ ω1 ⊂⊂ ω2 ⊂⊂ ωˆ).
For u0, v0 ∈ L2(0, 1), Theorem 4.1 shows that there exist h1, h2 ∈ L2(QT ) such that the solution (u, v) to the problem
(1.3)–(1.6), (1.15) and (1.16) satisfies u(·, T ) = v(·, T ) = 0 in (0, 1)and we denote this solution by (uˆ, vˆ) in the proof.
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Moreover, we also denote (u¯, v¯) the solution to the problem (1.3)–(1.6), (1.15) and (1.16) with null controls. Using the
classical L2 theory to the equations of u¯, v¯, u¯x, v¯x in (ωˆ \ ω˜)× (0, T ), one gets from (4.2) and (4.3) that
u¯t , u¯x, u¯xx, u¯xxx, u¯xt , v¯t , v¯x, v¯xx, v¯xxx, v¯xt ∈ L2(0, T ; L2loc(ωˆ \ ω˜)). (4.4)
Set
Uˆ(x, t) = uˆ(x, t)− η(t)u¯(x, t), Vˆ (x, t) = vˆ(x, t)− η(t)v¯(x, t), (x, t) ∈ QT .
Then (Uˆ, Vˆ ) is the solution to the problem
Uˆt − (xαUˆx)x = a1Uˆ + b1Vˆ − η′u¯+ h1χω˜, (x, t) ∈ QT ,
Vˆt − (xα Vˆx)x = a2Uˆ + b2Vˆ − η′v¯ + h2χω˜, (x, t) ∈ QT ,
Uˆ(0, t) = Vˆ (0, t) = 0 if 0 < α < 1, t ∈ (0, T ),
(xαUˆx)(0, t) = (xα Vˆx)(0, t) = 0 if 1 ≤ α < 2, t ∈ (0, T ),
Uˆ(1, t) = Vˆ (1, t) = 0, t ∈ (0, T ),
Uˆ(x, 0) = 0, Vˆ (x, 0) = 0, x ∈ (0, 1)
and satisfies Uˆ(·, T ) = Vˆ (·, T ) = 0 in (0, 1). Moreover, the classical L2 theory to the equations of Uˆ, Vˆ , Uˆx, Vˆx in
(ωˆ \ ω˜)× (0, T ), together with (4.2)–(4.4), shows
Uˆt , Uˆx, Uˆxx, Uˆxxx, Uˆxt , Vˆt , Vˆx, Vˆxx, Vˆxxx, Vˆxt ∈ L2((ω2 \ ω1)× (0, T )). (4.5)
Define
U(x, t) = (1− ρ(x))Uˆ(x, t)+ Z(x, t), V (x, t) = (1− ρ(x))Vˆ (x, t), (x, t) ∈ QT
and
h(x, t) = ρ(x)η′(t)u¯(x, t)+ 2xαρ ′(x)Uˆx(x, t)+ (xαρ ′)′Uˆ(x, t)
+ Zt(x, t)− (xαZx(x, t))x − a1(x, t)Z(x, t), (x, t) ∈ QT , (4.6)
where
Z(x, t) = ρ(x)η
′(t)v¯(x, t)+ 2xαρ ′(x)Vˆx(x, t)+ (xαρ ′(x))′Vˆ (x, t)
a2(x, t)
, (x, t) ∈ QT .
Here, Z is well-defined since a2 ≠ 0 on suppρ × [0, T ], while h ∈ L2(QT ) owing to (4.1) and (4.3)–(4.5). Then one can verify
that (U, V ) is the solution to
Ut − (xαUx)x = a1U + b1V − η′u¯+ hχω, (x, t) ∈ QT ,
Vt − (xαVx)x = a2U + b2V − η′v¯, (x, t) ∈ QT ,
U(1, t) = V (1, t) = 0, t ∈ (0, T ),
U(0, t) = V (0, t) = 0 if 0 < α < 1, t ∈ (0, T ),
(xαUx)(0, t) = (xαVx)(0, t) = 0 if 1 ≤ α < 2, t ∈ (0, T ),
U(x, 0) = 0, V (x, 0) = 0, x ∈ (0, 1)
and satisfies U(·, T ) = V (·, T ) = 0 in (0, 1). Finally, set
u(x, t) = U(x, t)+ η(t)u¯(x, t), v(x, t) = V (x, t)+ η(t)v¯(x, t), (x, t) ∈ QT .
Then, (u, v) is just the solution to the problem (1.1)–(1.6) with h given by (4.6); furthermore, (u, v) satisfies u(·, T ) =
v(·, T ) = 0 in (0, 1). 
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